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QUASINORMABLE C0-GROUPS AND TRANSLATION-INVARIANT
FRE´CHET SPACES OF TYPE DE
ANDREAS DEBROUWERE
Abstract. Let E be a locally convex Hausdorff space satisfying the convex compact
property and let (Tx)x∈Rd be a locally equicontinuous C0-group of linear continuous
operators on E. In this article, we show that if E is quasinormable, then the space of
smooth vectors in E associated to (Tx)x∈Rd is also quasinormable. In particular, we
obtain that the space of smooth vectors associated to a C0-group on a Banach space
is always quasinormable. As an application, we show that the translation-invariant
Fre´chet spaces of smooth functions of type DE [8] are quasinormable, thereby settling
the question posed in [8, Remark 7]. Furthermore, we show that DE is not Montel
if E is a solid translation-invariant Banach space of distributions [10]. This answers
the question posed in [8, Remark 6] for the class of solid translation-invariant Banach
spaces of distributions.
1. Introduction
The class of quasinormable locally convex spaces was introduced by Grothendieck
in [11] (see also [17]) and plays an important role in the lifting and splitting theory for
Fre´chet spaces [6, 23, 16, 26]. Most spaces appearing in analysis are quasinormable, e.g.,
all Banach and Schwartz spaces are quasinormable while examples of quasinormable
spaces which are neither Banach nor Montel are given by the space C(X) of continuous
functions on a non-compact completely regular Hausdorff space X , the space Cn(Ω),
n ∈ N, of n-times differentiable functions on an open subset Ω of Rd and the spaces
DLp(R
d) (1 ≤ p <∞), B(Rd) and B˙(Rd) of Schwartz. Furthermore, the quasinormabil-
ity of various weighted function spaces has been characterized in terms of the defining
weights; see [5, 22, 25] for Ko¨the echelon spaces, [2, 3] for weighted spaces of continuous
functions and [27, 28, 29] for weighted spaces of holomorphic functions.
In the first part of this article, we study quasinormability in the context of C0-groups.
Namely, let E be a locally convex Hausdorff space satisfying the convex compact prop-
erty and let (Tx)x∈Rd be a locally equicontinuous C0-group of continuous linear oper-
ators on E; see Sections 2 and 3 for the definition of these notions. Our main result
asserts that if E is quasinormable, then the space of smooth vectors in E associated to
(Tx)x∈Rd, endowed with its natural locally convex topology, is also quasinormable. Since
every Banach space is quasinormable and every C0-group on a Banach space is locally
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equicontinuous, we obtain particularly that the space of smooth vectors associated to
a C0-group on a Banach space is always quasinormable.
The second part of this article is devoted to the study of the linear topological prop-
erties of the translation-invariant Fre´chet spaces of type DE. Translation-invariant
Banach spaces of distributions (TIBD) E and the associated test function spaces DE
were introduced in [8] and are natural generalizations of the spaces Lp(Rd) (1 ≤ p <∞)
and C0(R
d), and DLp(R
d) and B˙(Rd), respectively; we refer to Definitions 5.1 and 5.4
below for the precise definition of these notions. Firstly, we show that the space DE
is quasinormable for any TIBD E. Since every quasinormable Fre´chet space is distin-
guished, this settles the question posed in [8, Remark 7]. To this end, we show that
the space of smooth vectors associated to the translation group on E coincides with
DE, whence the quasinormability of DE follows immediately from the result obtained
in the first part of this article. In particular, we obtain direct proofs of the quasinorma-
bility of DLp(R
d) and B˙(Rd); this also follows from the sequence space representations
DLp(R
d) ∼= s⊗̂lp and B˙(R
d) ∼= s⊗̂c0 [24, Thm. 3.2], while a proof of the quasinormabil-
ity of B˙(Rd) based on duality arguments and the theory of (LB)-spaces is given in [7].
Secondly, we show that DE is not Montel if E is a solid TIBD [10], thereby generalizing
the well-known fact that the spaces DLp(R
d) and B˙(Rd) are not Montel; see Definition
5.1 below for the definition of a solid TIBD. This answers the question posed in [8,
Remark 6] for the class of solid TIBD. We believe that DE is never Montel but we were
not able to show this for general TIBD E.
This paper is organized as follows. In the preliminary Section 2, we fix the notation
and introduce the class of C0-groups to be considered. Our main result concerning
C0-groups is shown in Section 4. Its proof is based on a quantitative convolution
approximation identity for differentiable vectors associated to a C0-group, which is
proven separately in the auxiliary Section 3. Finally, in Section 5, we present our
results about the spaces DE .
2. Preliminaries
In this section, we fix the notation, introduce C0-groups (parameterized by R
d) on
general locally convex Hausdorff spaces (cf. [14]) and define the space of smooth vectors
associated to a given C0-group.
We set N = {0, 1, 2 . . .}. Let E be a Hausdorff locally convex space (from now on
abbreviated as lcHs). We denote by U0(E) the set of all neighbourhoods of 0 in E, by
B(E) the set of all bounded sets in E and by csn(E) the set of all continuous seminorms
on E. Furthermore, L(E) stands for the space of all continuous linear operators from
E into itself. We always endow L(E) with the strong operator topology, that is, the
topology generated by the system of seminorms {pe | p ∈ csn(E), e ∈ E}, where
pe(T ) := p(Te), T ∈ L(E), p ∈ csn(E), e ∈ E.
The space of compactly supported continuous functions on Rd is denoted by Cc(R
d).
Furthermore, we write Cnc (R
d) = Cn(Rd) ∩ Cc(R
d), n ∈ N, and D(Rd) = C∞(Rd) ∩
Cc(R
d).
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Let E be a lcHs. A family (Tx)x∈Rd ⊂ L(E) is said to be a C0-group on E if the
following conditions are satisfied
(i) T0 = id.
(ii) Tx+y = Tx ◦ Ty for all x, y ∈ R
d.
(iii) limx→0 Txe = e for all e ∈ E.
These conditions imply that the mapping
(2.1) Rd → L(E) : x→ Tx
is continuous. The C0-group (Tx)x∈Rd is called locally equicontinuous if, for each com-
pact subset K of Rd, the set {Tx | x ∈ K} is equicontinuous. If E is barrelled, then
every C0-group on E is locally equicontinuous, as follows from the continuity of the
mapping (2.1) and the Banach-Steinhaus theorem.
Let E be a lcHs and let (Tx)x∈Rd be a C0-group on E. The orbit γe of a vector e ∈ E
is defined as the mapping γe : R
d → E : x → Txe. The continuity of the mapping
(2.1) implies that γe ∈ C(R
d;E). A vector e ∈ E is called n-times differentiable,
n ∈ N ∪ {∞}, if γe ∈ C
n(Rd;E). The space of all n-times differentiable vectors in E
is denoted by En. Fix n ∈ N. We set
e(α) := ∂αγe(0), e ∈ E
n, |α| ≤ n.
Notice that
γe(α) = ∂
αγe, e ∈ E
n, |α| ≤ n.
We endow En with the initial topology with respect to the mapping
En →
∏
|α|≤n
E : e→ (e(α))|α|≤n,
which means that the topology of En is generated by the system of seminorms {pn | p ∈
csn(E)}, where
pn(e) := max
|α|≤n
p(e(α)), e ∈ En, p ∈ csn(E).
Similarly, we endow E∞ with with the initial topology with respect to the mapping
E∞ →
∏
α∈Nd
E : e→ (e(α))α∈Nd,
which means that the topology of E∞ is generated by the system of seminorms {pn | p ∈
csn(E), n ∈ N}. Let n ∈ N ∪ {∞}. If (Tx)x∈Rd is locally equicontinuous, the mapping
En → Cn(Rd;E) : e→ γe
is a topological embedding. In particular, En is a Fre´chet space if E is so.
3. Convolution with respect to a C0-group
Let E be a lcHs and let (Tx)x∈Rd be a C0-group on E. In this section, we define
and give some basic properties of the convolution product ϕ ∗T e, ϕ ∈ Cc(R
d), e ∈ E,
with respect to (Tx)x∈Rd. Most importantly, we provide a quantitative convolution
approximation identity for differentiable vectors in E. This result shall be the crux of
the proof of our main theorem given in the next section. The results in this section are
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probably well-known, as they are straightforward analogues of basic results from the
theory of one-parameter C0-semigroups [13], but we include them here with proofs for
the sake of completeness.
We start with a brief discussion about vector-valued integration [19]. A lcHs E is
said to satisfy the convex compactness property, for short (cc), if the closed absolutely
convex hull of every compact subset of E is again compact. Every quasi-complete lcHs
satisfies (cc), while sequential completeness and (cc) are incomparable, that is, there
are lcHs which are sequentially complete but do not satisfy the (cc) and vice versa [18,
p. 1421]. The property (cc) for E is closely connected to the existence of E-valued
weak integrals, as we now proceed to explain. A function Φ : Rd → E is called scalarly
integrable if 〈e′,Φ(·)〉 ∈ L1(Rd) for all e′ ∈ E ′. In such a case, the mapping
e′ →
∫
Rd
〈e′,Φ(x)〉dx
defines an element of the algebraic dual of E ′, which we denote by
∫
Rd
Φ(x)dx. The
function Φ is said to be weakly integrable in E if
∫
Rd
Φ(x)dx ∈ E. If E satisfies (cc),
every E-valued compactly supported continuous function Φ on Rd is weakly integrable
in E [19, Thm. 3.27]. Moreover, we have that
p
(∫
Rd
Φ(x)dx
)
≤
∫
Rd
p(Φ(x))dx, p ∈ csn(E),
and ∫
Rd
(S ◦ Φ)(x)dx = S
(∫
Rd
Φ(x)dx
)
, S ∈ L(E).
Let E be a lcHs satisfying (cc) and let (Tx)x∈Rd be a C0-group on E. Given ϕ ∈
Cc(R
d) and e ∈ E, we define
ϕ ∗T e :=
∫
Rd
ϕ(x)T−xedx =
∫
Rd
ϕ(x)γe(−x)dx ∈ E.
Notice that
γϕ∗T e(x) =
∫
Rd
ϕ(t)γe(x− t)dt =
∫
Rd
ϕ(x− t)γe(t)dt, ϕ ∈ Cc(R
d), e ∈ E.
We start with the following basic lemma.
Lemma 3.1. Let E be a lcHs satisfying (cc), let (Tx)x∈Rd be a locally equicontinuous
C0-group on E and let n ∈ N.
(i) For all ϕ ∈ Cnc (R
d) and e ∈ E it holds that ϕ∗T e ∈ E
n and (ϕ∗T e)
(α) = ∂αϕ∗T e
for all |α| ≤ n. Moreover, for all p ∈ csn(E) and K ⊂ Rd compact there is
q ∈ csn(E) such that
pn(ϕ ∗T e) ≤ max
|α|≤n
‖∂αϕ‖L1q(e), ϕ ∈ C
n
c (R
d)with suppϕ ⊆ K, e ∈ E.
(ii) For all ϕ ∈ Cc(R
d) and e ∈ En it holds that ϕ∗T e ∈ E
n and (ϕ∗T e)
(α) = ϕ∗T e
(α)
for all |α| ≤ n. Moreover, for all p ∈ csn(E) and K ⊂ Rd compact there is
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q ∈ csn(E) such that
pn(ϕ ∗T e) ≤ ‖ϕ‖L1qn(e), ϕ ∈ Cc(R
d)with suppϕ ⊆ K, e ∈ En.
Proof. We only show (ii) as the proof of (i) goes along the same lines. It suffices to
consider the case n = 1, the general case then follows by induction. Furthermore, we
only need to show that ϕ ∗T e ∈ E
1 and (ϕ ∗T e)
(ej) = ϕ ∗T e
(ej) for all 1 ≤ j ≤ d,
ϕ ∈ Cc(R
d) and e ∈ E1. Once this relation is established, the statement about the
seminorms is a consequence of the fact that (Tx)x∈Rd is locally equicontinuous. Fix
x ∈ Rd. Then, for all p ∈ csn(E) and h ∈ R \ {0},
p
(
γϕ∗T e(x+ hej)− γϕ∗T e(x)
h
− γ
ϕ∗T e
(ej )(x)
)
= p
(∫
Rd
ϕ(t)
(
γe(x+ hej − t)− γe(x− t)
h
− γ(ej)e (x− t)
)
dt
)
≤
∫
Rd
|ϕ(t)|p
(
γe(x+ hej − t)− γe(x− t)
h
− γ(ej)e (x− t)
)
dt.
The result will therefore follow from the Lebesgue dominated convergence theorem if
the set
B =
{
γe(x+ hej − t)− γe(x− t)
h
− γ(ej)e (x− t) | t ∈ suppϕ, 0 < |h| ≤ 1
}
is bounded in E. By Mackey’s theorem, it suffices to show that B is weakly bounded
in E. Let e′ ∈ E ′ be arbitrary and set fe′ = 〈e
′, γe( · )〉 ∈ C
1(Rd). Then,∣∣∣∣
〈
e′,
γe(x+ hej − t)− γe(x− t)
h
− γ(ej)e (x− t)
〉∣∣∣∣
=
∣∣∣∣fe′(x+ hej − t)− fe′(x− t)h − f (ej)e′ (x− t)
∣∣∣∣
≤ 2max{|f
(ej)
e′ (x+ kej − u)| | u ∈ suppϕ, |k| ≤ 1}
for all t ∈ suppϕ and 0 < |h| ≤ 1. 
Next, we study the approximation of vectors in E via convolution.
Lemma 3.2. Let E be a lcHs satisfying (cc) and let (Tx)x∈Rd be a locally equicontinuous
C0-group on E. Let ϕ ∈ Cc(R
d) with
∫
Rd
ϕ(x)dx = 1 and set ϕr = r
−dϕ( · /r) for r > 0.
Then,
(3.1) lim
r→0+
ϕr ∗T e = e
for all e ∈ E.
Proof. Let p ∈ csn(E) be arbitrary. Then,
lim
r→0+
p(ϕr ∗T e− e) = lim
r→0+
p
(∫
Rd
ϕ(x)(T−rxe− e)dx
)
≤ lim
r→0+
∫
Rd
|ϕ(x)|p(T−rxe− e)dx = 0,
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where the last step follows from the Lebesgue dominated convergence theorem and the
fact that Tte→ e in E as t→ 0. 
We now show that the rate of convergence in the approximation (3.1) is of type O(r)
for e ∈ E1.
Proposition 3.3. Let E be a lcHs satisfying (cc) and let (Tx)x∈Rd be a locally equicon-
tinuous C0-group on E. Let ϕ ∈ Cc(R
d) with
∫
Rd
ϕ(x)dx = 1 and set ϕr = r
−dϕ( · /r)
for r > 0. Then, for all p ∈ csn(E) there is q ∈ csn(E) such that
p(ϕr ∗T e− e) ≤ rq1(e), e ∈ E
1, r ≤ 1.
Proposition 3.3 is a consequence of the next lemma (cf. the proof of Lemma 3.2).
Lemma 3.4. Let R > 0. Then, for all p ∈ csn(E) there is q ∈ csn(E) such that
p(Txe− e) ≤ |x|q1(e), e ∈ E
1, |x| ≤ R.
Proof. Since (Tx)x∈Rd is locally equicontinuous, there is q
′ ∈ csn(E) such that p(Txe) ≤
q′(e) for all e ∈ E and |x| ≤ R. Set U = {e ∈ E | p(e) ≤ 1} and denote by U◦ the polar
set of U in E ′. As before, we write fe′ = 〈e
′, γe( · )〉 ∈ C
1(Rd) for e ∈ E1 and e′ ∈ E ′.
Then,
p(Txe− e) = sup
e′∈U◦
|fe′(x)− fe′(0)| ≤ |x| sup
e′∈U◦
d∑
j=1
∫ 1
0
|f
(ej)
e′ (tx)|dt
= |x| sup
e′∈U◦
d∑
j=1
∫ 1
0
|〈e′, γ
e(ej)
(tx)〉|dt ≤ |x|
d∑
j=1
∫ 1
0
p(Ttxe
(ej))dt ≤ |x|dq′1(e)
for all e ∈ E1 and |x| ≤ R. Hence, the statement holds with q = dq′ ∈ csn(E). 
4. Quasinormability of E∞
This section contains the main results of the first part of this article. Given a lcHs
E satisfying (cc) and a locally equicontinuous C0-group (Tx)x∈Rd on E, it is shown that
the space E∞ is quasinormable if E is so. In case E is a Fre´chet space, we also prove
that E∞ satisfies the linear topological invariant (Ω) of Vogt [17] if E does so. Finally,
by using a result from [2], we give an example that shows that the converse of this
theorem does not hold in general.
A lcHs E is said to be quasinormable [17, p. 313] if
∀U ∈ U0(E) ∃V ∈ U0(E) ∀ε > 0 ∃B ∈ B(E) : V ⊂ εU +B,
or, equivalently,
∀p ∈ csn(E) ∃q ∈ csn(E) ∀ε > 0 ∃B ∈ B(E) :
∀x ∈ E with q(x) ≤ 1 ∃y ∈ B such that p(x− y) ≤ ε.
Obviously, every Banach space is quasinormable, while a lcHs is Schwartz if and only if
it is quasinormable and semi-Montel. Furthermore, every quasinormable Fre´chet space
is distinguished [17, Cor. 26.19].
We are ready to prove the main result of this section.
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Theorem 4.1. Let E be a lcHs satisfying (cc) and let (Tx)x∈Rd be a locally equicontin-
uous C0-group on E. Then, E
∞ is quasinormable if E is so.
Proof. It suffices to show that
∀p ∈ csn(E) ∀n ∈ N ∃q ∈ csn(E) ∃m ∈ N ∀ε > 0 ∃B ∈ B(E∞) :
∀e ∈ E∞ with qm(e) ≤ 1 ∃x ∈ B such that pn(e− x) ≤ ε.
Let p ∈ csn(E) and n ∈ N be arbitrary. Pick ϕ ∈ D(Rd) with
∫
Rd
ϕ(x)dx = 1 and set
ϕr = r
−dϕ( · /r) for r > 0. Lemma 3.1(i) implies that there is p′′ ∈ csn(E) such that
(4.1) pn(ϕr ∗T e) ≤ max
|α|≤n
‖∂αϕr‖L1p
′′(e) ≤
1
rn
p′(e), e ∈ E, r ≤ 1,
where p′ = (max|α|≤n ‖∂
αϕ‖L1)p
′′ ∈ csn(E). Lemma 3.1(ii) and Proposition 3.3 yield
that there is q′ ∈ csn(E) such that
(4.2) pn(ϕr ∗T e− e) ≤ rq
′
n+1(e), e ∈ E
n+1, r ≤ 1.
Since E is quasinormable, there is s ∈ csn(E) such that
(4.3) ∀δ > 0 ∃A ∈ B(E) : ∀e ∈ E with s(e) ≤ 1 ∃y ∈ A such that p′(e− y) ≤ δ.
Set q = max{s, q′} ∈ csn(E) and m = n + 1. Let ε > 0 be arbitrary. We may assume
without loss of generality that ε ≤ 1. Choose A ∈ B(E) according to (4.3) with
δ = (ε/2)n+1. Set B = {ϕε/2 ∗T y | y ∈ A} ∈ B(E
∞). Now let e ∈ E∞ with qm(e) ≤ 1
be arbitrary. Since s(e) ≤ qm(e) ≤ 1 there is y ∈ A such that p
′(e− y) ≤ (ε/2)n+1. Set
x = ϕε/2 ∗T y ∈ B. Then, by (4.1) and (4.2), we have that
pn(e− x) ≤ pn(e− ϕε/2 ∗T e) + pn(ϕε/2 ∗T e− ϕε/2 ∗T y) ≤ ε.

Every quasinormable lcHs E clearly satisfies
∀U ∈ U0(E) ∃V ∈ U0(E) ∀W ∈ U0(E) ∀ε > 0 ∃R > 0 : V ⊂ εU +RW.
If E is a Fre´chet space, this condition is also sufficient for E to be quasinormable [17,
Lemma 26.14]. On the other hand, a Fre´chet space E is said to satisfy condition (Ω)
[17, p. 367] if
∀U ∈ U0(E) ∃V ∈ U0(E) ∀W ∈ U0(E) ∃C, s > 0 ∀ε > 0 : V ⊂ εU +
C
εs
W.
Hence, in the class of Fre´chet spaces, (Ω) may be considered as a quantified version
of quasinormability. A careful inspection of the proof of Theorem 4.1 shows that the
following result holds.
Theorem 4.2. Let E be a Fre´chet space and let (Tx)x∈Rd be a C0-group on E. Then,
E∞ satisfies (Ω) if E does so.
Since every Banach space satisfies (Ω), we obtain the following corollary.
Corollary 4.3. Let E be a Banach space and let (Tx)x∈Rd be a C0-group on E. Then,
E∞ satisfies (Ω). In particular, E∞ is quasinormable and distinguished.
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Finally, we show that the converse of Theorem 4.1 does not hold in general. We
need some preparation. Let X be a completely regular Hausdorff topological space
and let V be a (positive continuous) Nachbin family on X [4], i.e., a family consisting
of positive continuous functions on X such that for all v1, v2 ∈ V and λ > 0 there is
w ∈ V such that λmax{v1, v2} ≤ w. The associated weighted Nachbin space V C0(X)
consists of all f ∈ C(X) such that vf vanishes at infinity for all v ∈ V ; endowed with
the topology generated by the system of seminorms {pv | v ∈ V }, where
pv(f) := sup
t∈X
v(t)|f(t)|, f ∈ V C0(X), v ∈ V,
it becomes a complete lcHs. In particular, V C0(X) satisfies (cc). Bastin and Ernst
[2] characterized the quasinormability of V C0(X) in the following way; see also [3] for
countable Nachbin families.
Proposition 4.4. [2, Prop. 2] Let X be a completely regular Hausdorff topological
space and let V be a Nachbin family on X. Then, V C0(X) is quasinormable if and
only if V is regularly increasing, i.e.,
∀v ∈ V ∃u ∈ V with u ≥ v ∀ε > 0 ∀w ∈ V with w ≥ u ∃δ > 0 ∀t ∈ X :
v(t) ≥ εu(t) =⇒ u(t) ≥ δw(t).
We now give an example of a lcHs E and a locally equicontinuous C0-group on E
such that E∞ is quasinormable but E is not; we were inspired by [1, Example 3.1].
Example 4.5. Let X be a non-compact normal Hausdorff topological space and let
V be a Nachbin family on X that is not regularly increasing. Consider a positive
unbounded continuous function g on X ; such a function can be constructed by using
the non-compactness of X and Tietze’s extension theorem. One can readily check that
the family of continuous linear operators (Tx)x∈R given by
Tx : V C0(X)→ V C0(X) : f → e
ixgf, x ∈ R,
is a locally equicontinuous C0-group on E = V C0(X) with E
∞ = WC0(X), where
W = {gnv |n ∈ N, v ∈ V }. Notice that W is a regularly increasing Nachbin family.
Hence, Proposition 4.4 yields that E∞ is quasinormable but E is not.
5. Translation-invariant Banach spaces of distributions
In this final section, we discuss the linear topological properties of the translation-
invariant Fre´chet spaces of type DE. From now on, Tx, x ∈ R
d, will always denote
the translation operator on the space D′(Rd) of distributions, i.e., Txf = f( · + x),
f ∈ D′(Rd). Furthermore, the symbol “→֒” stands for dense continuous inclusion.
We start by introducing translation-invariant Banach spaces of distributions; our
definition is slightly more general than the one given in [8] (see Remark 5.3 below).
Definition 5.1. A Banach space E is said to be a translation-invariant Banach space
of distributions (TIBD) if the following two conditions are satisfied
(i) D(Rd) →֒ E →֒ D′(Rd).
(ii) Tx(E) ⊆ E for all x ∈ R
d.
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A TIBD E is called solid [10, p. 311] if E ⊂ L1loc(R
d) with continuous inclusion and
∀f ∈ E ∀g ∈ L1loc(R
d) : |g| ≤ |f | a.e. =⇒ g ∈ E and ‖g‖E ≤ ‖f‖E.
Let E be a TIBD. Our first goal is to show that (Tx)x∈Rd is a C0-group on E. Observe
that Tx : E → E, x ∈ R
d, is continuous, as follows from the closed graph theorem and
the continuity of Tx : D
′(Rd) → D′(Rd). Next, it is clear that T0 = id and that
Tx+y = Tx ◦ Ty for all x, y ∈ R
d. We now show that
(5.1) lim
x→0
Txe = e, e ∈ E.
The weight function of the translation group on E is defined as
ωE(x) := ‖T−x‖L(E), x ∈ R
d.
The function ωE is measurable (as E is separable, which follows from D(R
d) →֒ E) and
submultiplicative. These two properties imply that ωE is exponentially bounded [15,
16.2.6], whence (5.1) follows from the fact that D(Rd) is dense in E. Summarizing, we
have proven the next result.
Proposition 5.2. Let E be a TIBD. Then, (Tx)x∈Rd is a C0-group on E.
Remark 5.3. In [8], a Banach space E is called a TIBD if E satisfies (i), (ii) and
the additional property that the weight function ωE is polynomially bounded. In the
present framework, we can only conclude that ωE is exponentially bounded. How-
ever, all results from [8] remain valid upon replacing the spaces S(Rd) and S ′(Rd) by
K1(R
d) and K′1(R
d), respectively, where K1(R
d) stands for the space of exponentially
decreasing smooth functions and K′1(R
d) stands for the space of exponentially bounded
distributions [12].
Definition 5.4. Let E be a TIBD. We define DE as the space of all e ∈ E such
that ∂αe ∈ E for all α ∈ Nd (the derivatives should be interpreted in the sense of
distributions). We endow DE with the system of norms {‖ · ‖E,n |n ∈ N}, where
‖e‖E,n := max
|α|≤n
‖∂αe‖E , e ∈ DE, n ∈ N.
Hence, DE becomes a Fre´chet space.
Let E be a TIBD. In [8, Prop. 7], it is shown that all elements e of DE are smooth
functions on Rd that satisfy
lim
x→∞
∂αe(x)
ωE(−x)
= 0, α ∈ Nd.
Example 5.5. The main examples of TIBD are the Lebesgue spaces Lp(Rd) (1 ≤ p <
∞), the space C0(R
d) of continuous functions vanishing at infinity and their weighted
variants. More precisely, let η be a positive measurable function on Rd such that
(5.2) sup
t∈Rd
η( ·+ t)
η(t)
∈ L∞loc(R
d).
We define Lpη(R
d) (1 ≤ p < ∞) as the Banach space of all measurable functions f on
Rd such that ‖fη‖Lp < ∞. On the other hand, Cη,0(R
d) stands for the space of all
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continuous functions f on Rd such that limx→∞ f(x)/η(x) = 0; endowed with the norm
‖ ·/η‖L∞ it becomes a Banach space. The spaces L
p
η(R
d) and Cη,0(R
d) are clearly solid
TIBD and we have that
DLpη = {ϕ ∈ C
∞(Rd) | ∂αϕ ∈ Lpη(R
d) for all α ∈ Nd}
and
DCη,0 = B˙η = {ϕ ∈ C
∞(Rd) | ∂αϕ ∈ Cη,0(R
d) for all α ∈ Nd}.
For η ≡ 1, these spaces were already considered by Schwartz [21].
We would like to point out that L2(Rd)⊗̂piL
2(Rd) and L2(Rd)⊗̂εL
2(Rd) are examples
of TIBD consisting of locally integrable functions on R2d that are different from all
mixed Lebesgue spaces Lp,q(R2d) (1 ≤ p, q ≤ ∞) [9, Remark 3.11]. In fact, the space
L2(Rd)⊗̂piL
2(Rd) is not even solid [9, Remark 3.10].
Theorem 5.6. Let E be a TIBD. Then, DE satisfies (Ω). In particular, DE is quasi-
normable and distinguished.
In view of Corollary 4.3, Theorem 5.6 is a direct consequence of the following lemma.
Lemma 5.7. Let E be a TIBD and consider the C0-group (Tx)x∈Rd on E (cf. Propo-
sition 5.2). Then, E∞ = DE and e
(α) = ∂αe for all e ∈ DE and α ∈ N
d.
Proof. We first show that E∞ ⊆ DE and e
(α) = ∂αe for all e ∈ E∞ and α ∈ Nd. It
suffices to prove that, for all e ∈ E1 and 1 ≤ j ≤ d, ∂je belongs to E and γ∂je = ∂jγe,
the result then follows by induction. For all ϕ ∈ D(Rd) it holds that
∂jϕ = lim
h→0
Thejϕ− ϕ
h
in D(Rd).
Hence,
〈Tx∂je, ϕ〉 = − lim
h→0
〈
Txe,
Thejϕ− ϕ
h
〉
= lim
h→0
〈
γe(x− hej)− γe(x)
−h
, ϕ
〉
= 〈∂jγe(x), ϕ〉,
for all x ∈ Rd. The result now follows by setting x = 0 in the above equality. Next,
we prove that DE ⊆ E
∞. Let e ∈ DE be arbitrary. By [20, Appendice Lemme II] it
is enough to show that γe is scalarly smooth, i.e., fe′ = 〈e
′, γe(·)〉 ∈ C
∞(Rd) for all
e′ ∈ E ′. We claim that ∂αfe′ = 〈e
′, γ∂αe(·)〉 in D
′(Rd) for all α ∈ Nd. This implies that
fe′ and all its derivatives are continuous functions on R
d, whence fe′ ∈ C
∞(Rd). We
now prove the claim. Let ϕ ∈ D(Rd) be arbitrary. The equality
(5.3)
∫
Rd
∂αϕ(x)Txedx = (−1)
|α|
∫
Rd
ϕ(x)Tx∂
αedx
holds if we interpret the above integrals as D′(Rd)-valued integrals. Since both the
functions x → ∂αϕ(x)Txe and x → ϕ(x)Tx∂
αe are compactly supported continuous
E-valued functions, these integrals exist as E-valued integrals and we may conclude
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that the equality (5.3) holds in E. Hence,
〈∂αfe′ , ϕ〉 = (−1)
|α|
∫
Rd
∂αϕ(x)〈e′, γe(x)〉dx
= (−1)|α|
〈
e′,
∫
Rd
∂αϕ(x)Txedx
〉
=
〈
e′,
∫
Rd
ϕ(x)Tx∂
αedx
〉
=
∫
Rd
ϕ(x)〈e′, γ∂αe(x)〉dx.

To end this article, we address the following problem.
Problem 5.8. [8, Remark 6] Do there exist TIBD E such that DE is Montel?
Schwartz already observed that the spaces DLp (1 ≤ p < ∞) and B˙ are not Montel
[21, p. 200]. Let η be a positive measurable function on Rd satisfying (5.2). Since
DLpη
∼= DLp (1 ≤ p <∞) and B˙η ∼= B˙ [8, Remark 5], the spaces DLpη and B˙η are also not
Montel. Furthermore, DE is not Montel if E is a TIBD such that ωE is bounded on R
d
[8, Remark 6]. Below we show that DE is not Montel if E is a solid TIBD. We believe
that DE is never Montel but were unable to show this for general TIBD E. Observe
that, by Theorem 5.6, it suffices to show that DE is not Schwartz.
Theorem 5.9. Let E be a solid TIBD. Then, DE is not Montel.
The proof of Theorem 5.9 is based on the well-known fact that all normed subspaces
of a Montel lcHs are finite-dimensional. Namely, following [10, Def. 3.4], we associate
to each solid TIBD E an infinite-dimensional Banach sequence space (extending the
natural correspondence between Lp and lp, and C0 and c0) and then show that this
sequence space is isomorphic to a subspace of DE. We need some preparation.
We denote by χA the characteristic function of a set A ⊆ R
d. Let E be a solid
TIBD. For 0 < r < 1/2 we define Er(Z
d) as the space of all (multi-indexed) sequences
(aj)j ∈ C
Zd such that ∑
j∈Zd
ajT−jχB(0,r) ∈ E.
We endow Er(Z
d) with the norm induced by E, that is,
‖(aj)j‖Er(Zd) := ‖
∑
j∈Zd
ajT−jχB(0,r)‖E , (aj)j ∈ Er(Z
d).
The solidness of E implies that Er(Z
d) is a solid sequence space, i.e.,
∀(aj)j ∈ Er(Z
d) ∀(bj)j ∈ C
Zd :
|bj| ≤ |aj| ∀j ∈ Z
d =⇒ (bj)j ∈ Er(Z
d) and ‖(bj)j‖Er(Zd) ≤ ‖(aj)j‖Er(Zd).
In the next lemma, we collect several useful facts about Er(Z
d) (cf. [10, Lemma 3.5]).
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Lemma 5.10. Let E be a solid TIBD and let 0 < r < 1/2. Then,
(i) Er(Z
d) is a Banach space.
(ii) Er(Z
d) is infinite-dimensional.
(iii) For all f ∈ L∞(Rd) with supp f ⊆ B(0, r) and all (aj)j ∈ Er(Z
d) it holds that∑
j∈Zd
ajT−jf ∈ E and ‖
∑
j∈Zd
ajT−jf‖E ≤ ‖f‖L∞‖(aj)j‖Er(Zd).
(iv) For all 0 < R < 1/2 it holds that Er(Z
d) = ER(Z
d) with equivalent norms.
Proof. (i) Let (an)n∈N = ((an,j)j)n∈N be a Cauchy sequence in Er(Z
d). Set
en =
∑
j∈Zd
an,jT−jχB(0,r) ∈ E, n ∈ N,
and notice that (en)n∈N is a Cauchy sequence in E. Hence, there is e ∈ E such that
en → e as n → ∞. On the other hand, as Er(Z
d) ⊂ CZ
d
with continuous inclusion,
there is a = (aj)j ∈ C
Zd such that an,j → aj as n→∞ for all j ∈ Z
d. Since
e =
∑
j∈Zd
ajT−jχB(0,r) in D
′(Rd),
we obtain that a ∈ Er(Z
d). Finally, an → a in Er(Z
d) as n→∞ because en → e in E
as n→∞.
(ii) Since D(Rd) ⊂ E and E is solid, the characteristic function of every compact set
in Rd belongs to E. Hence, all unit vectors belong to Er(Z
d).
(iii) This follows from the solidness of E.
(iv) We may assume without loss of generality that R ≤ r. The continuous inclusion
Er(Z
d) ⊆ ER(Z
d) follows from (iii) with f = χR. For the converse, choose a finite set
of points {x1, . . . , xn} ⊂ B(0, r) such that
B(0, r) ⊆
n⋃
m=1
B(xm, R)
and, thus,
χB(0,r) ≤
n∑
m=1
T−xmχB(0,R).
Now let (aj)j ∈ ER(Z
d) be arbitrary. Then,
|
∑
j∈Zd
ajT−jχB(0,r)| ≤
∑
j∈Zd
n∑
m=1
|aj|T−j−xmχB(0,R) ≤ |
n∑
m=1
T−xm|
∑
j∈Zd
ajT−jχB(0,R)||.
Since E is solid and translation-invariant, we obtain that (aj)j ∈ Er(Z
d) and that
‖(aj)j‖Er(Zd) ≤ ‖
n∑
m=1
T−xm|
∑
j∈Zd
ajT−jχB(0,R)|‖E ≤
n∑
m=1
ωE(xm)‖(aj)j‖ER(Zd).

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Finally, we show that Er(Z
d) is isomorphic to a subspace of DE . As explained above,
taking Lemma 5.10(ii) into account, this completes the proof of Theorem 5.9.
Proposition 5.11. Let E be a solid TIBD. Fix 0 < r < 1/2 and ϕ ∈ D(Rd) with
suppϕ ⊂ B(0, r) such that ϕ ≡ 1 in a neighbourhood of 0. Then,
ι : Er(Z
d)→ DE : (aj)j →
∑
j∈Zd
ajT−jϕ
is a topological embedding.
Proof. The mapping ι is well-defined and continuous by Lemma 5.10(iii). We now
show that ι is a strict morphism. Choose 0 < R < r such that ϕ ≡ 1 on B(0, R).
Then,
|
∑
j∈Zd
ajT−jχB(0,R)| ≤ |
∑
j∈Zd
ajT−jϕ|, (aj)j ∈ Er(Z
d).
Since E is solid, we obtain that
‖(aj)j‖ER(Zd) ≤ ‖ι((aj)j)‖E , (aj)j ∈ Er(Z
d).
The result now follows from Lemma 5.10(iv). 
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